One can filter the stable homotopy groups of spheres in such a way as to obtain the (semisimplicial) mod-p Adams spectral sequence and also by means of certain higher order homology operations. In this note we show that these nitrations coincide.
1. Introduction. To each prime p and each (semisimplicial) spectrum X of finite type, Bousfield et al. [2] associate a spectral sequence E(X, p)={E*X, d'X} which converges to the /'-primary component of w*X. The filtration giving the convergence is that induced by a subsequence of the mod-p lower central series of FX the free group spectrum on X, namely FsTmX = im{T»Tp'FX-+TmFX).
In the event that X = S, the spectrum of spheres, 7r*5 admits another filtration which can be described by means of higher order homology operations. The only operations considered here shall be those that arise from P-systems for which A0 = KZP and each At is a Zp-module spectrum [3, §11.5]. For each aEtrmS, let X(a) be the spectrum for which (X(a))" = S"f/aA»'+n+1. Then H0(X(a); Zp) = Hm+i(X(a); Zp)=Zp as long as ha = 0 where hiir*S^>H*(S; Zp) is the Hurewicz map. Define F¡irmS to be the subgroup of 7rm5 consisting of those elements a meeting the following condition: each homology operation $ of order r <s is defined and is zero on H*(X(a) ; Zp). The definition is completed by setting FÍ7rm.S= {aG7rm5| ha = 0\.
The purpose of this note is to show that the two nitrations described above coincide for X = S. In [l], Adams conjectured that this was the case for the topological version of this spectral sequence.
The author wishes to thank the referee for suggesting to him remark (c) of §3.
2. Proof that F,TmS = F'swmS. The proof is an immediate consequence of the following two lemmas. Proof of Lemma 1. As X(a) has nontrivial homology only in dimensions 0 and m-\-l, only the component of $r of degree w + l acting on Hm+i(X(a) ; Zp) need be considered. The argument is given in the case that r = s. One first observes that H*(X; (Yi/Yp,+1)FS) tt*Yi/Yp,+1FX for all spectra X. Then segments of the exact homotopy sequences associated to the fiber maps j, j', k, k', q and q' can be amalgamated into the following commutative diagram Suppose that óV = 0; by exactness there is f Eirm+i(Ti/rp,+1) FX (a) so that j*f = v. But commutativity of the lower left-hand square of the diagram and the fact that/* is an isomorphism imply that fe«f = £. Conversely suppose that there is a class f with k*Ç = £ but that dv 5¿0. Now./«(f) =/i' for some integer t such that 1<t<p". As 0=3(00 = ¿ÓV, í must equal/V for some/ with 1 á/<e. Hence/*£ = k'^pfv) =pfk'*v = 0, a fact which contradicts the isomorphy of j*.
Proof of Lemma 2. The proof here proceeds exactly as that of Theorem 6.5 of [3] with one modification.
As the operations of (6.5) arise from the derived series of FS rather than the p-lower central series, analogues of Definition 3.1 and Lemma 3.4 of [3] are needed in the present setting.
Definition. A spectrum X is said to be ra-step nilpotent (modulo p) if the inclusion V¡,FX->FX is null-homotopic.
Proposition. If X->Y^>Z is afibration with X m-step nilpotent and Z n-step nilpotent, then X is (m-\-n)-step nilpotent. is zero. But this homomorphism factors through the inclusion induced homomorphism ir*(rp»+«FF; ZP)^H*(YP"+^FY; Zp) which is zero by §7 of [2] . Thus g's+1 is homotopic to g.+i :rp»-,-'+lFF->r,)«+1FX.
3. Concluding remarks, (a) If p = 2 then $i=X) Sq* the big Steenrod square; this follows easily from the structure of the differential dl on£J5 [2] . (b) The equality of these two nitrations identifies the classical technique of locating nontrivial elements in the stems by means of detection with cohomology operations as an aspect of computing with the Adams spectral sequence.
(c) It is not hard to show that a spectrum X is w-step nilpotent (mod-p) if and only if X is n-step metabelian (mod-£) where this latter notion is defined exactly as in p. 241 ], but using the mod-p derived series.
